Доказательство неравенств с помощью специальных методов

1. Доказательство неравенств с помощью векторного неравенства Коши-Буняковского:
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ПРИМЕР 1.  Докажите неравенство:
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ПРИМЕР 2. 
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ПРИМЕР 3.   Докажите неравенство:
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ПРИМЕР 4.   Докажите, что если а + b + c = 3, то 
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2. Доказательство неравенств с помощью производной.
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ПРИМЕР 5.   Докажите, что если х  2, то
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ПРИМЕР 6.   Докажите неравенство:
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ПРИМЕР 7.  Докажите неравенство:
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ПРИМЕР 8.   Что больше:
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ЗАДАНИЯ ДЛЯ САМОСТОЯТЕЛЬНОЙ РАБОТЫ
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Va+1+v2a+3+48-3a <6
A BseneMm BekTophl B IpocTpaHcTse # (Va+1; v2a+3; V8-3a) u ¥ (1; 1; 1). Ha
OCHOBAaHMM HepaBeHCTBA (3) MmonydaeM:
@-v=va+l+yJ2a+3+8-3a <[a| J@+1+2a+3+8-3a)(1+1+1) =12-3 =6.

HepaBeHcTBO n0Ka3aHo. Ho MOCMOTpMM ele, 10CTHraeT JiM MepBOHaYaabHas
CyMMa 3HaYeHusl, paBHOTO 6. [liisi 3TOr0 KOOPAMHATHI BEKTOPOB # U V JOMXKHBI GHITh
MpPONOPUUOHATbHbI:

Va+1=v2a+3=\8-3a > a+1=2a+3=8-3a.
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Ho nocnenuss cucteMa ABYX ypaBHEHHI C ONHMM HEU3BECTHBIM HE HMEET pe-
weHuit. [103TOMy B IEHCTBUTENBHOCTH I0Ka3aHHOE HEPABEHCTBO SABNAETCSA CTPOTHM:

Ja+1+V2a+3+/8-3a<6. A
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V2a+7 +42b+7 +/2c+7 <9.

A PaccMotpuM BexTopsl @ (V2a+7; \2b+7; V2¢+7) u ¥ (I; 1; 1). Ha ocHoBa-
HMM HepaBeHCTBa (3) GyneM MMeThb:

7-5=\2a+7 +V2b+7 +2c+7 S|u

=J(2a+b+c)+21)-3=427-3=9.

PaBeHCTBO OCTHTAETCA, €CIH

V2a+7 = V2b+7 = J2c+7.

Orcionaa =b=c. Hotakkaka + b+ c=3, 100 =

[7|=V@a+7+2b+7+2c+ (A +1+1) =
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BcrnoMHMM npu3Hak Bo3pacTaHus M yObIBaHUS QYHKUMH: €ClH NPOU3BOAHAS
yHKIMH MON0KHTEIbHA (OTPHUATEILHA) HA HEKOTOPOM NPOMEKYTKE, TO GYHKIHSA BO3-
pacraer (yGbiBaeT) Ha 3TOM NPOMEXYTKe.

BcrioMHMM TakXe MPU3HAK 3KCTPeMyMa (GYHKLWM: eCIH NPOH3BOAHAS PYHKUMH
B KPHTHYECKO#H TouKe (T. €. TOYKE M3 06/1aCTH onpeneneHUss QYHKLUUH, B KOTOPO#
MPOM3BONHAA PABHA HYJIO WM HE CYIIECTBYET) MEHAET 3HAK C IUIIOCA HA MHHYC, TO
3Ta TOYKA ABNAETCA TOYKOM MAKCHMYMA, 4 €C/IH C MHHYCA HA ILTIOC, TO TOYKOH MHHH-
MyMa GyHKuHH.
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20 + %2+ 2x 224,

A PaccMoTpuM GyHKUHMIO f(x) = 2x3 + x? + 2x M MccaenyeM ee Ha BO3pacTaHHe
u y6piBanue. [I1s 3TOro HaileM ee IPOU3BOIHYIO:

fx) = 6x? + 2x +2.
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JMCKPUMHMHAHT MOJYYEHHOTO KBAaXPaTHOTO TPEXUNEHAa OTPUUATENEH, Clle-
JI0BATE/IbHO, TPEXUIEH MPH BCEX X COXPAaHSAET MOCTOAHHBIHA 3HAK, 2 UMEHHO NOJIO-
XuTenbHBIiA: f(x) > 0. Toraa no npu3HaKy Bo3pacTaHus U yObIBaHUA QYHKLMS f BO3-
pacTaet Ha MHOXecTBe R BcexX NeHCTBUTENbHBIX YMCEN. 3HAYUT, €CIU X = 2, TO

fX)2A2), 23 +x2+2x216+4+4=24.

HepaBeHcTBO n0Ka3aHo. A
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xt—4x+6>0.
A Haiinem HauMeHbluee 3HaueHUe GYHKLUMHM y = x* — 4x + 6. [l1s1 3TOTO BHIYMC-
JIMM NIPOM3BOAHYIO GYHKLHMH U NPUPABHSAEM €€ HYJIO:
y=4x’ —4; 4P -4=0, x=1.
B Touke x = | MPOM3BOAHAA MEHSET 3HAaK C MUHYCa Ha mutioc. ClenoBaTenbHo,
IO MPU3HAKY IKCTpeMyMa DYHKLMHU 3Ta TOYKa €CTh TOYKa MHHUMYMa GyHKIuH. Tak

KaK TOYKa x = | SIB/ISI€TCS €NMHCTBEHHOM TOUKOM IKCTPeMyMa, TO QYHKLHS B ITOK
TOYKE MMEET HauMeHbllIee 3HaueHue. Boiuncanm ero:

Ypn=1-4+6=3>0.

TockonbKy HaMMeHblIee 3HaYeHHEe QYHKLMH MOJIOXHTENbHO, TO M BCE €€ 3Ha-
YEeHHs TONOXUTENbHBL. DTO 3HAYUT, YTO MpHU JIO6OM X x* —4x + 6> 0. A
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e21+x
JloKaxuTe TaKXe, YTO pPaBEHCTBO NOCTUTAeTC TOJIbKO npu x = 0.
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A CocraBuM QYHKUMIO y = €* — 1 — X M MccienyeM ee Ha SKCTPEMYM C ITOMO-
WbIo Npou3BOAHOI. [Tonyyaem:

y=e&—-1 e&-1=0, x=0.
DyHKUWM f(x) = € IPH OTPULATENbHBIX X MEHbLIE 1, IPU MOTOXHTENbHBIX — GOJb-
we 1, 1o3TOMY Npou3BoaHas y' = ¢ — 1 B KPUTHUECKOH TouKe X = 0 MEHSET 3HaK C

MHHyca Ha umoc. CrefoBaTenbHo, GyHKuMs y = e* — 1 — x B Touke x = 0 UMeeT MUHH-
MyM. Torna oHa B 3TOM TOUKe JOCTUTaeT HaMMEHBLIETO 3HaYeHUs. Boruncaum ero:
Ynin = ¥(0) =0.
Otciona npu m060M x
yx) 2y =0, &-1-x=0, &21+x.
HepaseHcTBo (3) noka3aHo. M3 noKa3aTenbcTBa BUAHO, YTO HEPaBEHCTBO Mpe-
BpallaeTcss B paBEHCTBO TOJBKO IMPHU X = 0. A
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a) 505! mn 51%; 6) % wn 7% 2 VD% wmn (B2

A Pemum Gosiee o61yo 3a1ayy: BHIICHMM, Koraa a® > b, axorna a® < b%, ecn
a>1,b>1uuucna a u b pasnuunsl. BossMeM HepabeHcTBO @’ v b? (v 03HavaeT
3HaK > WM 3HaK <) M €ro mpoJorapupMupyeM Mo OCHOBAHHIO e:
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a® v b® & blna v alnb @Evg.
a

IMocnenHee HEPaBEHCTBO MOACKA3bIBAET CIEAYIOIIYIO MBIC/b: BBECTH (DYHKLHMIO

Inx
Y = = ¥ MCClIeN0BaTh e¢ Ha BO3pAcTaHHe M yGhiBaHUe Ha MHTepBane (1; +e). By-
X

ZieM MMETb:
, _l-Inx I-Inx

x? x?

0, 1-Inx=0, Inx=1, x=e.

Inx
TpoussonHas GpyHkuun y = 5 OTOXHTEbHa Ha HHTEpBane (1; e) n oTpuLa-

Te/bHA Ha MHTepBajie (e; +eo) (npoepsre!). CrenoBaTenbHO, caMa (GyHKUHUA BO3pac-
TaeT Ha npoMexyTke (1; e] u yGbiBaeT Ha MpoMeXyTKe [e; +eo). OTClONa MonyyaeM:
Ina _ Inb
eciu | <a<b£e,ToA—<T,r.e.a"<b";
a

ec:mesa<b,'mM>#,t&a”>bﬁ
a

Tenepb HETPYAHO 1aTh OTBET HA BOMPOCH 3alayuH.

Otsetsi: a) 50°; 6) e7; B) (‘/5)‘5. A
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694. JlokaxuTe HEPaBEeHCTBA:

a) va+2+V6-a<4; 6) ab+4s‘/(a2+16)(bz+l);
8) Vab +Ved < Ja+c)(b+d) (a20,620,c20,d20).

695. lokaxuTe HEPaBEHCTBO
|5sina — 12cosal < 13.

696. [lokaxuTe, 4YTO B NMPAMOYrOJIbHOM TPEYTOJIbHUKE C KaTeTaMu a U b ¥ Tu-

NI0TeHy30i ¢ BHIMONHACTCA HEPaBEHCTBO a + b < ¢v/2. Koraa oHo npespauaetcs
paBeHCTBO?
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698. lokaxute, 4yTo eciu X + y = 4, TO:
a)x?+y?>8; 6) x* + y* 2 32.

699. Jlokaxure, 4To eciu v1+Xx +‘/1+y=4, ToXx+y26.
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701. loxaxuTe HEPaBEHCTBA:

3)\/;+‘/y+1+,/2—x—y53; 6)J;+2‘/;—,/3—x—y <5;

g xtrrz [ eyleg?
3 3
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702. CymiecTBYIOT M TaKHe 3HAYEHUs X U Y, YTO

x+1+42-y—Jy-x=3?
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704. lokaxure, uto ecimia — b + ¢ = 6, To
Va+1+V2-b+Jc+3<6.
705. lokaxute, yto ecniua + b+ ¢ <9, To

Va+1+vVb+1+Ve+1<6.

706. lokaxuTe, 4TO B NIPAMOYTOJIbHOM Mapajienenunene ¢ peépamu a, b, ¢ u
nuaroHanbio /

a+b+c<lV3.
Koraa nocruraercs paBBHCTBO?

707*. [lokaXuTe HEPaBEHCTBO:

sinx-siny-sinz+ cosx-cosy-cosz< 1.
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719. loKaxXuTe HEpaBEeHCTBA:
a)x’—3x+4>0((x>1); 6) 3x° — 5x° + 16x > 88 (x 2 2);

B) X+ 3x? + 15x <20 (x < 1); r) 2x+i2>5(0<x<0,5).
X

720. Yto Gonbuie: a+% WK b+l, eciva > b>0?

Vb
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721. Mycts x > 3. Yro Gonbute: x* + 3x unu Sx? — 112
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723. JlokaxXuTe HepaBEeHCTBa:
a) x* + 50 > 32x; 6) x* + (x + 6)* 2 162; B) x < xS+ 1.
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734. lokaxuTe HEpaBEHCTBA:

2 2
a)e"21+x+x7(x20); ) el +x+ T (x<0)
2 3
X X
F21+x+=+—
B) x 2 3

7359, lokaxure HEPaBEeHCTBO:
In(1 +x) < x (x> —1). (4)

TIpy KaKOM x OHO MPEBPALIAETCS B PABEHCTBO?

736. JlokaxXuTe HEPaBEHCTBO:

Inx<x—1(x>0).
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740*. Uro Gonbiwe: log,6 nim log,8?
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e i@ m V — BEKTOPHI, i -7 — WX CKAISAPHOE NPOM3BeNCHHE, [4| v [7| — mimHbI Bek-

TOpPOB.
O6bIYHO MPUMEHAETCS NpaBas 4acTh HepaBeHCTBa (1) — HepaBEHCTBO

ssfal @
TA€ PaBEHCTBO AOCTHUraeTCAd TOJBKO NMPH MPONMOPLUHUOHANBHOCTH COOTBETCTBYIOLUIMX
KOOpAMHAT BEKTOPOB un ‘7 El.lle qaue NpUMeHseTCs HEPaBEHCTBO

-5 <[alfl €)
1€ PaBEHCTBO TAKX€ NOCTUraeTCA TOJIBKO MPU NMPONOPLUUOHATIBHOCTH KOOPAUHAT BEK-

TOpOB, C 106aBNIEHUEM, YTO NPH 3TOM KO3()(GULUHEHT NPONOPLUHOHANTLHOCTH HOMKEH
GHITh HEOTPHULATENbHB M.
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4Ja+3V16-a<20
npu n06bix a € [0; 16]. Korna nocturaercst paBeHCTBO?

A BBemeM BeKTOphl Ha TockocTH # (4; 3) u ¥ (Va; V16—a). Ha ocHosaHuu
HepaBeHcTBa (3) monyyaem:

7-7=4Va+3V16-a <[] [f|=V4?+3? - Va+16-a=5-4=20

(3€Ch MCTIONB30BATMCE BHPAXEHHE CKANAPHOTO MPOM3BEAEHHS BEKTOPOB B KOOD-
nuHaTax U GpopMyna ITHHBI BEKTOPa).

HepaBeHCTBO 0Ka3aHo.

OHO TpeBpamaeTcs B PaBEHCTBO, KOTa COOTBETCTBYIOLIME KOOPAMHATH BEKTO-
POB TPOMOPLHOHAJIBHEL:

ﬁ_a}lﬁ—a
4 3
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256
Peuast 310 ypaBHEHHUE, TOJIYYAEM, YTO @ = 25 DTO 3HauYEHHE a IPUHALIEXHT

oTpe3ky [0; 16]. A
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Jlokaxute, 4to ecnu a® + b* < 32, 10 |a + b| < 8.
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A BeeneM BeKTOpbI # (a; b) u ¥ (1; 1). Ha ocHoBaHMH HepaBeHcTBa (2) Gynem

UMETh:
[@-}=[a+8|<[a]- | = ia® + 6D+ D < /322 =8.

O‘leB"}lHO, PaBEHCTBO 31€Cbhb BO3MOXHO TOJIbKO MpH @ = b. TOI')J.B
la+b=8, [2a|=8, ld=4, b=1t4. A





